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In this study, the shape memory effect of SMA beams under complex stress conditions is studied by means
of a finite element model. The 1D version of a well-established SMA constitutive model is utilized in the
numerical computations and the required parameters are obtained experimentally starting from thermal
cycling tests in tension under different constant loads. After being calibrated, the model is used to compute
the deformation of beams loaded in bending and undergoing thermal cycling; three-point bending and
cantilever configurations are considered in this stage. Finally, the response predicted by the model is
compared to experimental results and model capabilities are discussed. In particular, insight of the stress
and strain evolution in bending is provided.
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1. Introduction

Shape memory alloys (SMA) are materials exhibiting two
functional properties: superelasticity and shape-memory effect.
These properties are associated with a phase transformation
from twinned martensite to austenite or from detwinned
martensite to twinned martensite. While devices exploiting
superelasticity have been widely employed for years—stents
are the most interesting examples—only recently the applica-
tion of the shape memory effect has grown from an embryonic
state. One of the reasons for the late popularity of the shape
memory effect has to be ascribed to the need of a thorough
knowledge of the material for a proper design. Modeling could
be an interesting mean for supporting engineers in the
exploitation of the shape memory effect. Despite the availabil-
ity of many models able to describe the SMA macroscopic
effects (e.g., see Ref 1 and references therein), these can be
hardly utilized by designers due to the difficulty of the
calibration process. Moreover, model development has been
often carried out with poor attention to experimental data and
thus the potential user has little information about the real
performances of a model. Only recently, activities with
thorough comparisons between models and experimental data
are being proposed (Ref 2).

A research program, aiming at assessing the performances
and further developing the model proposed in Ref 3-5, is
currently being carried out. The purpose of the study is also to
identify reliable procedures for the model calibration. In this
article, the shape memory effect of SMA beams under complex
stress conditions is studied by means of a finite element (FE)
model. In particular, the behavior of a cantilever beam
predicted by the model is compared to experimental results.
On this basis, model capabilities are discussed and insight of
the stress and strain evolution in bending is provided.

2. Model Description

Like in other SMA models, the constitutive equations of the
considered model are derived from the definition of a
thermodynamic potential. Normally, the internal variable
defining the phase transformation is the fraction of the product
phase. Here, the transformation strain tensor (scalar in the 1D
case) is chosen as internal variable. This choice poses some
limitations, but many advantages, like the possibility of easily
describing the martensite reorientation, and a corresponding
simple and robust implementation.

Following (Ref 3-5), the free energy density function for the
1D case is defined as follows:
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According to (1), the free energy density function is
obtained as the sum of four terms, i.e., respectively, the
standard elastic energy; the chemical energy, accounting for the
thermally induced transformation; the mixing energy, account-
ing for the mixing build-up during the phase transformation.
The last term, constituted by the indicator function, I eL , is a
mathematical tool introduced to satisfy the transformation
strain constraint:

etr
�
�
�
�
1
� eL

It is worth noting that we assume as initial condition that
the internal variable, i.e., the transformation strain, is equal
to zero. This means that the material starts in its parent
phase, i.e., for low temperatures, the twinned martensite
phase.

Equation 1 and 2 are defined by the following parameters:

– E is the elastic modulus which is assumed to be identical
for austenite and martensite;

– eL is the maximum transformation strain in tension;
– h is the stress-strain slope measure during transformation.

This parameter accounts for the build-up of mixing energy
during the phase transformation and is responsible for the
slope of the e-T loop and the r-e loop;

– b is the inverse of the variation of transformation tempera-
tures with respect to stress during thermal cycling at con-
stant load;

– T* is the reference temperature;
– ci is the three parameters describing the difference of

behavior in tension and in compression;
– d is a user-defined regularization parameter (typical value:

10�8) that has been introduced so that the norm of the
transformation strain is always differentiable.

The constitutive equations for the model are obtained by
differentiating the free energy density function with respect to
control and internal variables, as follows:
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where X is the thermodynamic force associated to the trans-
formation strain etr. The variable c derives from the subdiffer-
ential of the indicator function I eL and is such that

c ¼ 0 if etrj j1 < eL
c> 0 if etrj j1¼ eL

:

�

To control the evolution of the internal variable etr, a limit
function F is introduced and is defined as

F Xð Þ ¼ Xj j � R Tð Þ;

where the radius of the elastic domain R(T) controls the width
of the hysteresis loops. The dependence of R on the tempera-
ture T is shown in Fig. 1.

Considering an associative framework, the flow rule for the
internal variable takes the form:
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The constitutive model is finally completed by the classical
Kuhn-Tucker conditions:
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Moreover, since we use only a single internal variable to
describe phase transformations, at most it is possible to distin-
guish between a generic parent phase (not associated to any
macroscopic strain) and a generic product phase (associated to
a macroscopic strain). Accordingly, the model does not
distinguish between the austenite and the twinned martensite,
as both these phases do not produce macroscopic strain. For
this reason, the radius R0 depicted in Fig. 1 represents either the
detwinning stress or the minimum stress at which the stress-
induced transformation from austenite to detwinned martensite
takes place. These two stresses are in general different in real
materials.

3. Difference of Model Response in Tension
and Compression

As anticipated in the previous section, the behavior
difference in tension and compression is governed by means
of the three parameters c1, c2, and c3.

The first parameter, c1, regulates the difference between the
maximum transformation strains in tension and compression in
a r-e loop or the different stroke during a e-T loop. The effect
of c1 is shown in Fig. 2.

The second parameter, c2, regulates the difference between
the yield stress in tension and compression or, accordingly, the
difference of transformation temperatures in a temperature loop
at constant load. The effect of c2 is shown in Fig. 3. The
forward transformation stresses in tension and compression are,
respectively:

ryt ¼ b T � T�ð Þ 1þ c2ð Þ þ R Tð Þ
ryc ¼ �b T � T�ð Þ 1þ c2ð Þ � R Tð Þ

Fig. 1 Temperature dependence for the elastic domain radius R
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The martensite start and austenite finish temperatures in
tension and compression are:

Mst ¼
r� R1

b 1� c2ð Þ þ T �;

Aft ¼
rþ R1

b 1� c2ð Þ þ T �;

Msc ¼
�r� R1

b 1þ c2ð Þ þ T �;

Afc ¼
�rþ R1

b 1þ c2ð Þ þ T�

:

The third parameter, c3, regulates the difference between the
plateau slopes in tension and compression in a r-e loop or the
difference between the transformation slopes during a e-T loop.
The effect of c3 is shown in Fig. 4.

In this study, we choose the three parameters c1, c2, and c3 to
be independent: in particular we focus on the case c2 = c3 = 0
and c1 ‡ 0.

4. Parameter Identification from a e-T Test

The method for deriving the model parameters in tension
from experimental data is widely described in Ref 1. Two

e-T tests at two different constant stresses are needed
(see Fig. 5).

Experimental testing has been performed on 0.5-mm
high transformation temperature wires produced by SAES
Getters. Temperature cycles under constant tension have been
performed in a Weiss WK11-600 climatic chamber as
described in Ref 7. The displacement versus temperature
evolution has been measured for tensile loads of 100 and
50 MPa.

The maximum transformation strain in tension can be
immediately obtained by measuring the stroke of the
hysteresis loop at 100 MPa. The elastic modulus E and b
can be derived as E ¼ Dr=De and b ¼ Dr=DT , where the
meaning of De and DT is indicated in Fig. 5; h can be
instead obtained from

h ¼ 1
1
b

eL
DT � 1

E

The radius R1 is computed according to

R1 ¼
bDTetr

2

Finally, R0 has been assumed to be smaller than 50 MPa as
it has been experimentally observed that a deformation due to

Fig. 2 Effect of the parameter c1 in a typical stress-strain loop (left) and strain-temperature loop (right)

Fig. 3 Effect of the parameter c2 in a typical stress-strain loop (left) and strain-temperature loop (right)
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temperature induced transformation is present even at
50 MPa.

The following set of material parameters has been identified
following the procedure described above:

E ¼ 45GPa;
eL

1� c1
¼ 4:47%; b ¼ 5:22MPa/K;

R1 ¼ 92MPa; R0 ¼ 10MPa; T � ¼ 57 �C; h ¼ 1000MPa:

The curve fitting can be appreciated in Fig. 6.

5. Behavior in Bending

A small deformation beam FE model (Ref 8), based on the
standard Euler-Bernoulli theory (generally valid for thin beams
and characterized by the hypothesis that plane sections normal to
the beam axis remain plane and normal to the axis during
deformation), has been implemented to compute the deformation
of a beam during a temperature loop under a constant load in
three-point bending configuration and to compare such numer-
ical results with those from experimental tests. The considered
geometry is sketched in Fig. 7: the pin to load distance has been
fixed to be 0.5 mm, while the applied load is 0.65 N.

As far as experimental testing is concerned, temperature
cycling at constant load in three-point bending conditions has
been performed in a GABO Eplexor 150 N DMA. The
following procedure has been followed: first, seven thermal
cycles between �50 and 120 �C with a 0.65 N load have been
performed in order to stabilize the material; then, one thermal
cycle within the same temperature range has been performed at
0.65 N with a temperature rate of 1 �C/min. In Fig. 8, the
numerical results obtained for different values of the parameter
c1 are compared with the last experimental loop only, to take
into consideration just the stable material response.

From the reported diagrams, the effect of parameter c1
on the beam displacement is clear: the displacement in the load
application position decreases with increasing values of the

Fig. 4 Effect of the parameter c3 in a typical stress-strain loop (left) and strain-temperature loop (right)

Fig. 5 Two strain-temperature curves at two constant stresses
r1 > r2
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Fig. 6 Comparison of experimental and numerical curves at 100
and 50 MPa: the numerical curve at 100 MPa is fully fitted, while
the one at 50 MPa is partially fitted and partially predicted

Fig. 7 Sketch of the bending testing conditions
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parameter c1. This effect suggests the use of a bending test for
the definition of c1: in this case the best fit in terms of
displacement is achieved with a value 0.4.

The start and finish temperature of the backward transfor-
mation and the start temperature of the forward transformation

in bending are well reproduced by the model. However, a
discrepancy between the model and the experimental evolu-
tions of the displacement is present in the final part of the
forward transformation.

In order to appreciate the complex evolution of stresses and
strains resulting from the solution of the bending problem, the
stress and the transformation strain along the loaded cross
section for different temperature conditions is investigated. In
particular, we choose four significant points, highlighted in
Fig. 9, corresponding to four different stress/transformation
strain patterns in the section. These results are reported in
Fig. 10 to 13, both for the case c1 = 0 and c1 = 0.4. It is
noticeable how the section segment where the relevant
transformation takes place is characterized by a flat region in
the y-r diagram. As the forward transformation proceeds, the
mean stress of the plateau decreases from more than 100 MPa
to less than 50 MPa.

6. Conclusions

In this study, we have considered a one-dimensional version
of the phenomenological SMA constitutive model presented in
Ref 3-5. Numerical results of three-point bending show how the
computed load displacement depends upon the transformation
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Fig. 10 r and etr in the loading section for point number 1 of Fig. 9
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strain in compression. Fitting between numerical and experi-
mental results of thermal cycling at constant load in bending
allows for the identification of the transformation strain in
compression. A comparison between experimental and numer-
ical data evidences a good match between the start and the

finish temperature of the backward transformation and the start
temperature of the forward transformation. A discrepancy in the
second part of the forward transformation is present. Investi-
gation is ongoing to understand the reasons for such a
discrepancy.
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Fig. 11 r and etr in the loading section for point number 2 of Fig. 9
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Fig. 12 r and etr in the loading section for point number 3 of Fig. 9
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